Abstract. In 1987, B. Perrin-Riou formulated a Heegner point main conjecture for elliptic curves at primes of ordinary reduction. In this paper, we formulate an analogue of PerrinRiou's main conjecture for supersingular primes. We then prove this conjecture under mild hypotheses, and deduce from this result a Λ-adic extension of Kobayashi's p-adic Gross-Zagier formula, new cases of B.-D. Kim's doubly-signed main conjectures, and a strengthened version of Skinner's converse to the Gross-Zagier-Kolyvagin theorem for supersingular primes.
1. Introduction 1.1. Perrin-Riou's main conjecture. Let E/Q be an elliptic curve of conductor of N , let f be the associated newform on Γ 0 (N ), and fix an odd prime p ∤ N . Let K/Q be an imaginary quadratic field of discriminant prime to N . Writing
with N + (resp. N − ) only divisible by primes which split (resp. are inert) in K, assume that the following generalized Heegner hypothesis is satisfied:
(Heeg) N − is the square-free product of an even number of primes.
Assuming that p is ordinary for E, Perrin-Riou formulated in [PR87a] an Iwasawa-theoretic main conjecture for Heegner points over the anticyclotomic tower. To recall its statement, let K ac ∞ = n K ac n be the anticyclotomic Z p -extension of K, with K ac n the unique subextension of K ac ∞ of degree p n over K, and set (1.1) Sel p ∞ (E/K is the p m -descent Selmer group of E over K ac n . Another assumption in [PR87a] is that N − = 1. Taking Heegner points on X 0 (N ) and mapping them to E by a fixed modular parametrization ϕ : X 0 (N ) −→ E one can construct a Λ ac -module H ∞ ⊂ Sel(K ac ∞ , T p E), where
is the anticyclotomic Iwasawa algebra. After the work of Cornut [Cor02] and Vatsal [Vat02] , the module H ∞ is known to be free of rank 1, say H ∞ = Λ ac · z ∞ .
Let c E ∈ Q × be the Manin constant associated with ϕ (i.e., if ω is a Néron differential of E and f is the newform associated with E, then ϕ * ω = c E · 2πif (z)dz), and let u K := |O and their extension by B.-D. Kim [Kim14a], we will succeed in formulating the right analogue of Conjecture 1.1 assuming in addition 1 that a p = 0 and that (spl) p = pp splits in K.
Indeed, following these methods, in Section 3 we define four pairs of doubly-signed Selmer groups
T p E) obtained by replacing the local conditions in (1.2) at the primes above p and p. On the other hand, in Section 5 we construct two bounded cohomology classes
. obtained by dividing the natural systems of Heegner points over K ac ∞ /K by certain analogues of Pollack's [Pol03] half-logarithms. By (Heeg), the curve E is isogenous to a quotient (1.3) π : J N + ,N − −→ E ′ of the Jacobian of a Shimura curve X N + ,N − attached to an indefinite quaternion algebra over Q of discriminant N − , and the Heegner points used to construct z ± come from X N + ,N − . Let δ(N + , N − ) = π • π ∨ be the modular degree of the parametrization (1.3), and assuming that E is the strong Weil curve in its isogeny class, set
where δ(N, 1) = ϕ•ϕ ∨ is the modular degree of ϕ. We are now ready to state our generalization of Conjecture 1.1.
Conjecture 1.2. Assume the generalized Heegner hypothesis (Heeg) holds, and let p > 3 be a prime of good supersingular reduction of E which splits in K. Then, for each ε ∈ {±}, the Pontrjagin dual X ε,ε p ∞ (E/K ac ∞ ) of Sel ε,ε p ∞ (E/K ac ∞ ) has Λ ac -rank 1, and
where the subscript tors denotes the Λ ac -torsion submodule.
1.2. Statement of the main results. As mentioned above, one of the divisibilities in PerrinRiou's main conjecture follows from [Ber95] and [How04b] . More recently, the authors established the converse divisibility, leading to a proof of Conjecture 1.1 under mild hypotheses (see [Wan14] and [Cas17] ). As for the supersingular setting, our first main result in this paper is the following result on Conjecture 1.2: Theorem A. Assume that:
• N is square-free,
is ramified at every prime ℓ | N − . Then Conjecture 1.2 holds.
Similarly as in [Wan14] , Theorem A yields in particular a converse to the Gross-ZagierKolyvagin theorem, in the same spirit as the result first obtained by Skinner [Ski14, Thm. B] for ordinary primes (cf. W. Zhang's result [Zha14, Thm. 1.3], still for ordinary primes). Both approaches make crucial use of Iwasawa theory, but by working with Heegner points over the tower K ac ∞ /K, our result does not require any injectivity hypothesis on the localization maps at places above p:
thereby dispensing with the finiteness of the p-primary part of Ш(E/K) (see [Ski14, Lem. 2.2.2]), and rather deducing it as a consequence.
Theorem B. Under the hypotheses in Theorem A, the following implication holds:
corank Zp Sel p ∞ (E/K) = 1 =⇒ ord s=1 L(E/K, s) = 1.
In the course of proving Theorem A, we also obtain new cases of B.-D. Kim's doubly-signed main conjectures for elliptic curves at supersingular primes [Kim14a] . For the statement, fix a root α of x 2 −a p x+p = x 2 +p, let β = −α be the other root, and denote by Γ K := Gal(K ∞ /K) the Galois group of the unique Z 2 p -extension of K. Building upon Haran's construction [Har87] of Mazur-Tate elements for automorphic forms on GL 2 over number fields, Loeffler introduced in [Loe14] :
-Four unbounded distributions on Γ K : 
is Λ K -torsion, and
p (E/K)) as ideals in Λ K .
Note that Conjecture 1.3 is the combination of four different main conjectures, which no direct connection a priori between them. In [Wan16] , the second named author has obtained (under mild hypotheses) the proof one of the divisibilities predicted by the two equal-sign cases of Conjecture 1.3 when the global root number of E/K is +1 (so that N − is the product of an odd number of primes). In this paper, we extend this result to the cases when the global root number of E/K is −1:
Theorem C. Under the hypotheses in Theorem A, for each ε ∈ {±} the module X ε,ε
Finally, we note that our methods also yield a proof under mild hypotheses of the IwasawaGreenberg main conjecture for the p-adic L-functions of Bertolini-Darmon-Prasanna [BDP13] (see Theorem 6.1), as well as a Λ ac -adic extension of Kobayashi's p-adic Gross-Zagier formula [Kob13] (see Theorem 6.6) for elliptic curves at supersingular primes p > 3.
1.3. Outline of the proofs. The proofs of our main results are via Iwasawa theory, exploiting the connections between Heegner points, Beilinson-Flach classes, and their explicit reciprocity laws. Recall that α and β denote the roots of x 2 + p, and let f α and f β be the p-stabilizations of f with U p -eigenvalues α and β, respectively. In [LZ16] , Loeffler and Zerbes have defined three-variable systems of cohomology classes BF f ,g interpolating the Beilinson-Flach classes of [LLZ14] attached to the different specializations of two Coleman families f and g and their cyclotomic twists. Letting f be the Coleman family passing through f α and f β , respectively, and g be a certain Hida family of CM forms, we deduce from their work the construction of two-variable classes
. In analogy with (1.4), the classes (1.7) have unbounded growth over the tower K ∞ /K, but building on the explicit reciprocity laws of [LZ16] we deduce from them the construction of two bounded elements
for all ε ∈ {±}, where H 1 ±,Iw (K ∞,p , T p E) is the local condition defining Sel ±,± (K ∞ , T p E) at the places above p, and similarly H 1 ±,Iw (K ∞,p , T p E) for the places above p, and
The Iwasawa-Greenberg main conjecture [Gre94] predicts that L p (E/K) generates the characteristic ideal of a certain torsion Selmer group:
where X rel,str
is the Pontrjagin dual of a Selmer group Sel rel,str
defined by imposing local triviality (resp. no condition) at the places above p (resp. p). In [Wan16] , the second named author has obtained one of the divisibilities in conjecture (1.10). By descending to the anticyclotomic line, we show that this leads to the divisibility
in the Iwasawa-Greenberg main conjecture for (the square of) the p-adic L-function of [BDP13] .
On the other hand, by an extension of Howard's techniques [How04b] to the Heegner classes z ± , in Section 5.4 we prove a divisibility in the opposite direction in Conjecture 1.2:
The maps Log ± are in fact valued in a large scalar extension of ΛK that we suppress here for the ease of exposition.
By the explicit reciprocity law, analogous to (1.9), that we obtain in Theorem 5.6:
we show that the divisibilities (6.4) and (1.12) complement each other, leading to the equalities in both. In particular, Theorem A follows, and using the reciprocity laws (1.8) and (1.9) we deduce from this the proof of Theorem C.
We end this Introduction with a few remarks on related results in the literature, especially in the works of Longo-Vigni [LV15] and Büyükboduk-Lei [BL16] . More precisely, one of the main results of [LV15] amounts to the "rank part" of our Conjecture 1.2. The results of [LV15] are based on an extension of Bertolini's techniques [Ber95] to supersingular primes, whereas here we deduce this portion of Theorem A from an analogous extension of Howard's [How04b] (giving us access to the Λ ac -torsion submodule of X ε,ε p ∞ (E/K ac ∞ ) as well). On the other hand, twisted versions of Theorem C and the rank part of Theorem A are also contained in [BL16] . Their methods share with ours that use of Beilinson-Flach classes and their explicit reciprocity laws, but they differ in a critical aspect: we only need to apply the method Euler/Kolyvagin systems to the plus/minus Heegner points z ± constructed in this paper, whereas in [BL16] this method is applied to a variant of the classes BF ± . As a consequence, when specialized to the setting considered here, the main results in [BL16] are for the twists of E by "p-distinguished" characters, whereas such twists can be avoided here.
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p-adic L-functions
Throughout this section, we let f = ∞ n=1 a n (f )q n ∈ S 2 (Γ 0 (N f )) be a newform of level N f , and K be an imaginary quadratic field of discriminant −D K < 0 prime to N f . Fix a prime p ∤ 6N f D K and a choice of complex and p-adic embeddings C ı∞ ←֓ Q ıp ֒→ C p ; since it will suffice for our applications in this paper, we also assume that the image under ι p of the number field generated by the Fourier coefficients a n (f ) is contained in Q p .
2.1. p-adic Rankin-Selberg L-functions. Let Ξ K denote the set of algebraic Hecke characters ψ :
where for each place v of K, we let
If ψ has conductor c ψ and a is any fractional ideal of K prime to c ψ , we write ψ(a) for ψ(a), where a is an idele satisfying aÔ K ∩ K = a and such that a q = 1 for all q | c ψ . As a function on fractional ideals, then ψ satisfies
We say that a Hecke character ψ of infinity type (ℓ 1 , ℓ 2 ) is critical for f if s = 1 is a critical value in the sense of Deligne for
is the L-function for the Rankin-Selberg convolution of the cuspidal automorphic representations of GL 2 (A) associated with f and the theta series of ψ, respectively. The set of infinity types of critical characters can be written as the disjoint union
The involution ψ → ψ ρ on Ξ K , where ψ ρ is obtained by composing ψ with the complex conjugation on A × K , has the effect on infinity types of interchanging the regions Σ + and Σ + ′ (while leaving Σ − stable). Since the values L(f /K, ψ, 1) and L(f /K, ψ ρ , 1) are the same, for the purposes of p-adic interpolation we may restrict our attention to the first two subsets in the above decomposition of Σ.
Definition 2.1. Let ψ = ψ ∞ ψ ∞ ∈ Ξ K be an algebraic Hecke character of infinity type (ℓ 1 , ℓ 2 ). The p-adic avatarψ : 
is the Petersson norm of f , and c f is the congruence number of f (cf. [SZ14, §9.3] , where c f is denoted by η f (N )).
Theorem 2.2. Assume that p = pp splits in K, let α and β be the roots of x 2 − a p (f )x + p, and set r := v p (α) and s := v p (β).
such that for every ψ ∈ Ξ K of trivial conductor and infinity type (ℓ 1 , ℓ 2 ) ∈ Σ + , we have
where θ ψ ℓ 2 is the theta series of weight ℓ 2 −ℓ 1 +1 3 associated to the Hecke character ψ ℓ 2 := ψN
(ii) If r < 1 and s < 1, then for each α :
Proof. i=0 X p n−1 i be the p n -th cyclotomic polynomial. Fix a topological generator γ v ∈ H v ∞ for each prime v | p, and define the 'half-logarithms'
These are elements in D 1/2 (H v ∞ ) which will be seen in
Proof. This is shown in [Loe14, §5] . For our later use, we record the construction of the four
Fix a root α of the Hecke polynomial x 2 − a p (f )x + p = x 2 + p, and let β be the other root. Then:
Using the relation β = −α, it is immediate to check that the four identities (2.2) hold.
Remark 2.4. In their original construction in [Loe14] , the p-adic L-functions L p,α (f /K, Σ − ) are normalized with a period Ω Π attached to the base change to K of the cuspidal automorphic representation of GL 2 (A) associated with f . However, it is easy to see that Loeffler's Ω Π agrees with our Ω Hida f up to a nonzero factor in Q × , and so the conclusion of Theorem 2.3 also holds for our periods. Moreover, under mild hypotheses one can show that with our normalizations the elements L Let K ∞ /K be the Z 2 p -extension of K, and set Γ K = Gal(K ∞ /K). We may decompose
with ∆ a finite group. The Galois group Gal(K/Q) acts on Γ K by conjugation. Let Γ cyc ⊆ Γ K be the fixed part by this action, and set
is the Galois group of the anticyclotomic Z p -extension of K, on which we have τ στ −1 = σ −1 for the nontrivial element τ ∈ Gal(K/Q). Similarly, we say that a character ψ of
] sending γ p → 1 + X and γ p → 1 + Y , we may view these p-adic L-functions as two-variable power series in the variables X and Y . Let ε K denote the quadratic character associated with K by class field theory. The same argument as in [PR87b, Thm.
this shows that under the generalized Heegner hypothesis (which implies
Throughout the following, we shall identify the space of bounded Q p -valued measures on a compact p-adic Lie group G with the Iwasawa algebra
Proof. As in [Pol03, Thm. 5.13], the idea is to use the decomposition in Proposition 2.3 to deduce from the functional equation for
3)
Since ord p (α) = 1/2, the nonzero coefficients in the left-hand side of this equality have coefficients with p-adic valuations in Z, whereas the nonzero coefficients in the right-hand side have p-adic valuations in 1 2 Z Z. This forces both sides to be identically zero, and so we obtain
and similarly for L
p,ac (f /K) are then identically zero, as was to be shown. The following anticyclotomic p-adic L-function will play a key role in this paper. Let R 0 denote the completion of the ring of integers of the maximal unramified extension of Q p .
Theorem 2.7. Assume hypothesis (Heeg) and that p = pp splits in
has trivial conductor and infinity type (−ℓ, ℓ) with ℓ 1, then
where Ω p ∈ R × 0 and Ω K ∈ C × are CM periods attached to K. Proof. This follows from the results in [CH17, §3.3] . (See the proof of Theorem 5.6 below for the precise relation between the construction in loc. cit. and the above L BDP p (f /K).) We next recall some of the nontriviality properties one knows about L BDP p (f /K), which we will also need. Let
be the p-adic Galois representation attached to f , and let ρ f denote its associated semi-simple mod p representation.
Theorem 2.8. In addition to the hypotheses in Theorem 2.7, assume that: 
are defined by the interpolation of the same L-values. However, the archimedean periods used in their construction are different, and so these p-adic L-functions need not be equal (even up to units in the Iwasawa algebra). In fact, as shown in Theorem 2.10 below, the ratio between these different periods is interpolated by an anticyclotomic projection of a Katz p-adic L-function.
3
Before we state the defining property of the Katz p-adic L-function, recall that the Hecke L-function of ψ ∈ Ξ K is defined by (the analytic continuation of) the Euler product
where l runs over all prime ideals of K, with the convention that ψ(l) = 0 for l | c ψ . The set of infinity types of ψ ∈ Ξ K for which s = 0 is a critical value of L(ψ, s) can be written as the
where Ω p and Ω K are as in Theorem 2.7.
Denote by
Theorem 2.10. Assume hypothesis (Heeg) and that p = pp splits in K. Then
Proof. This is [Cas17, Thm. 1.7], whose proof does not make use of the underlying ordinarity hypothesis on f made in loc.cit.. See also [JSW17, §5.3] for a similar calculation.
Another
, and continue to denote by
of Theorem 2.2 and Theorem 2.9, respectively. Theorem 2.11. Assume that p = pp splits in K. There exists a p-adic L-function
p has trivial conductor and infinity type (ℓ 1 , ℓ 2 ) ∈ Σ + , then where
by a unit in Λ × , and it is not identically zero.
Proof. The construction of
On the other hand, the fact that the product (2.4) has the claimed interpolation property follows by a straightforward adaptation of the calculations in [Cas17, Thm.
is not the zero function follows from the fact that for some of the characters ψ in the range of p-adic interpolation, the Euler product defining L(f /K, ψ, s) converges at s = 1.
Corollary 2.12. Assume hypothesis (Heeg) and that p = pp splits in K, and let
is as in Theorem 2.7. Proof. This follows from a direct comparison of their interpolation properties.
3. Selmer groups 3.1. Local conditions at p. In this section, we develop some local results for studying the anticyclotomic Iwasawa theory for elliptic curves at supersingular primes. Throughout, we let E/Q be an elliptic curve of conductor N , p > 3 be a prime of good supersingular reduction for E, and K/Q be an imaginary quadratic field of discriminant prime to N and such that p = pp splits in K.
We keep the notations introduced in Section 2; in particular, we have a p (f ) = 0, and K ac ∞ /K denotes the anticyclotomic Z p -extension of K.
It is easy to see that every prime v | p is finitely decomposed in K ac ∞ /K, say as the product
We denote by Q ur p and Q p,∞ the unramified and the cyclotomic Z p -extensions of Q p , respectively, and let Q ur p,∞ denote their composition.
; these are chosen so that u v is the arithmetic Frobenius and (using additive notation)
Following [Kob03] (see also [Kim14a, §2.1]), for any unramified extension k of Q p we define the subgroups
LettingÊ denote the formal group associated to the minimal model of E over Z p , we may similarly define the subgroupsÊ ± (m k(µ p n+1 ) ) ofÊ(m k(µ p n+1 ) ), and using that a p := a p (f ) = 0 one easily checks that
Fix a compatible system {ζ p n } n 0 of primitive p n -th roots of unity ζ p n (i.e., ζ p p n+1 = ζ p n for n and ζ p = 1). Let ϕ be the Frobenius on k/Q p , and for any polynomial
, the formal group logarithm logÊ is injective, and hence the pointc n,z is uniquely defined by (3.1).
Let k n ⊂ k(µ p n+1 ) be the unique subfield of degree p n over k, and let m k,n be the maximal ideal of the valuation ring of
, define E ± (k n ) similarly, and set
and set ω ± n (X) = Xω ± n (X). We denote by k m the unramified extension of Q p of degree p m , write k n,m and m n,m for the above k n and m k,n with k = k m , and set
, where the last isomorphism follows from the relation (1 + X)
There is a sequence of points c n,m ∈Ê(m n,m ) satisfying the compatibilities:
Moreover, for even (resp. odd) values of n, c n,m generatesÊ + (m n,m ) (resp.Ê − (m n,m )) as a Λ n,m -module. Definition 3.3. Let T be the p-adic Tate module of E. We define 
and set P ± cn,m := (−1)
, where
The maps Col ± n,m are isomorphisms and passing to the limit they define Λ-linear isomorphisms
3.3. The plus/minus logarithm maps. We now define local big logarithm maps Log
for the canonical character Ψ :
As it will be clear to the reader, these maps are the restriction to the "anticyclotomic line" of the two-variable plus/minus logarithm maps Log ± introduced in [Wan16, §6.1]. We still keep the notations from Section 3.1. Via the natural inclusion
, the points c n,m lie in the Λ n,m -module H 1 ± (k n,m , T ). By [Wan16, Lem. 6.9], one can choose norm-compatible classes b ± n,m ∈ H 1 ± (k n,m , T ) with the property that
where ǫ = (−1) n , and such that lim
and we easily see that
where T ac := T ⊗ Λ ac equipped with the diagonal G K -action similarly as before.
Definition 3.4. For every v | p in K, define the maps
). This naturally extends to a map Log
. which does not depend on the choice of γ i .
The following result establishes the interpolation property satisfied by the map Log + ac (the result for Log − ac is entirely similar). Lemma 3.5. Let φ : Γ ac → C × p be a finite order character of conductor p n , with n > 0 even.
, then the following formulas hold:
where g(φ) = u mod p n φ(u)ζ u p n is the Gauss sum of φ. Proof. The first equality follows directly from the definitions. On the other hand, an immediate calculation using (3.1) and (3.3) (cf. [Wan16, Lemma 6.2]) reveals that
Thus we find that
3.4. The two-variable plus/minus Selmer groups. As in the preceding sections, let T denote the p-adic Tate module of E, and set V = T ⊗ Zp Q p and A = V /T ≃ E[p ∞ ]. Let Σ be a finite set of places of K containing those dividing N p∞, and let G K,Σ be the Galois group of the maximal extension of F unramified outside the places above Σ. Recall that Γ K is the Galois group of the Z 2 p -extension K ∞ /K, and define the
where Ψ : Γ K ֒→ Λ × is the map sending γ ∈ Γ K to the corresponding group-like element in Λ × . We shall also need to consider the modules T ac , A ac , T cyc , and A cyc , obtained by replacing Γ K in the preceding definitions by the Galois group Γ ac and Γ cyc of the anticyclotomic and the cyclotomic Z p -extension of K, respectively. In the following definitions, we let M denote either of the modules T, T ac , T cyc , or any of their specializations.
Definition 3.6. The p-relaxed Selmer group of M is
,
Our Selmer groups of interest in this paper are obtained from cutting the p-relaxed ones by various local conditions at the primes above p.
Definition 3.7. For q ∈ {p, p} and L q ∈ {rel, ±, str}, set
and similarly for Sel
Thus, for example, Sel rel,str (K, M) is the submodule of Sel {p} (K, M) consisting of classes which are trivial at p (with no condition at p). Also, letting W denote either of the modules A, A ac , A cyc , or any of their specilizations, we define Sel {p} (K, W) and Sel {p} (K, W) just as in Definition 3.6, and set
where H 1 Lq (K q , M) ⊥ is the orthogonal complement of H 1 Lq (K q , M) under local Tate duality. Finally, we let
be the Pontrjagin dual of Sel L (K, A), and similarly define X L (K, A ac ) and X L (K, A cyc ).
Anticyclotomic Selmer groups. Let ι : Λ ac → Λ ac the involution given by γ → γ −1 on grouplike elements, and for any Λ ac -module M , let M ι denote the underlying module M with the Λ ac -module structure given by Λ ac 
for all positive i. 
where w denotes the infinite place of K. By the local Euler characteristic formula, the first two terms in (3.8) are equal to 1 and 2, respectively, while the third one clearly equals 2. Thus r = 1 in (3.7) and letting i → ∞ we conclude that
Now, it is easy to show that the natural restriction maps
are injective with finite bounded cokernel as ψ varies (cf. [AH06, Lem. 1.2.4]), and since
by the action of complex conjugation, the result follows from (3.9) by the same argument as in [AH06, Lem. 1.2.6], proceeding as in [How04b, Thm. 2.2.1] to handle the prime pΛ ac .
Beilinson-Flach classes

The plus/minus Beilinson-Flach classes. In this section, building on the work of Loeffer-Zerbes [LZ14]
, we show the existence of certain plus/minus Beilinson-Flach classes BF ± which map to the plus/minus p-adic L-functions of §2.2 under the plus/minus Coleman maps. We maintain the set-up introduced in Section 3.1, and let f = ∞ n=1 a n q n ∈ S 2 (Γ 0 (N )) be the normalized newform associated with E. In particular, a p = 0.
Recall the Z p [[Γ 1 ]]-linear maps Col ± introduced in (3.4), and extend them (using the analogue of the decomposition (3.6) with Γ in place of Γ ac ) to Λ-linear isomorphisms
for each prime v above p. On the other hand, the p-adic L-function L p (f /K) of Theorem 2.11 we defined as an element in Λ R 0 , but (as we show in §5.1) the corresponding principal ideal in Λ R 0 can be generated by an element
In the following, we let γ ac ∈ Γ ac be a topological generator, and let P ⊆ Λ be the pullback of the augmentation ideal (γ ac − 1) ⊆ Λ ac .
Theorem 4.1. For every ε ∈ {±} there exist an element BF ε ∈ Sel ε,rel (K, T) such that
for some nonzero u ∈ Λ[1/P ] and h ε ∈ Λ.
Proof. This is shown in [Wan16, §7.3], where it is deduced from the work of Loeffler-Zerbes on Beilinson-Flach classes in Coleman families and their explicit reciprocity laws [LZ16] . (Note that [Wan16] only deals with ε = +1, but the case ε = −1 is done completely analogously.)
The element h ε is needed to establish integrality of the class BF ε , while u is the ratio between two periods attached to a certain Hida family of CM forms, whose integrality (up to powers of the "exceptional prime" P ) is shown in [Wan16, §8.1] building on work of Rubin [Rub91] and Hida-Tilouine [HT94] . Thus it remains to take care of the ratio between Hida's canonical period Ω Hida f in (2.1) and the Petersson inner product period used in [LZ16] , which we do with the following comparison. (This may be well-known to experts, but we provide the details for the convenience of the reader.)
Letting D FL denote the Fontaine-Laffaille functor, we have
on which the Hecke algebra T 0 (N ) acts with the same eigenvalues as in f , and hence
On the other hand, we have an exact sequence of localized Hecke modules
The last term is free of rank one over T 0 (N ) m f , while the first is isomorphic to S(X 0 (N ), Z p ) m f . Unravelling the definitions, we see that the class
.10] corresponds to the projector to the f -component under the identification of
while we have an isomorphism
Thus the ratio of a generator of D FL (T )/Fil 0 D FL (T ) over η f is, by definition, the congruence number c f of f , from where the desired comparison follows by (2.1).
Remark 4.2. By the construction in [Wan16, §7.3], the element h ε divides the half-logarithm log ε p . Since the latter does not vanish identically along the anticyclotomic line, the same is true for h ε .
4.2. Two-variable main conjectures. As shown below, by Theorem 4.1 the following three different variants of Iwasawa's main conjecture for elliptic curves E/Q at supersingular primes p > 3 base-changed to an imaginary quadratic field K in which p = pp splits are essentially equivalent:
(1) The main conjecture 'without p-adic zeta functions' for the two-variable plus/minus Selmer groups. (1) X rel,str (K, A) is Λ-torsion, and
as ideals in Λ. (2) X ε,str (K, A) is Λ-torsion, Sel ε,rel (K, T) has Λ-rank 1, and
where H ε ⊆ Λ is the ideal generated by the element h ε in Theorem 4.1. Moreover, X ε,ε (K, A) is Λ-torsion, and if the above two statements hold, then we have the divisibility
Proof. This is essentially shown in [Wan16, §8.1]. For the convenience of the reader, we briefly recall the argument. Poitou-Tate global duality gives rise to the exact sequences
where exactness on the leftmost terms relies on the nonvanishing of L A) is Λ-torsion. By (4.2), it follows that X ε,str (K, A) is Λ-torsion and Sel ε,rel (K, T) has Λ-rank one, and by (4.2), that X rel,str (K, A) is Λ-torsion. Finally, [Wan16, Cor. 7 .9] and Theorem 4.1 yield the following exact sequences from the above:
where U ⊂ Λ[1/P ] is the ideal generated by the element u in Theorem 4.1. By the multiplicativity of characteristic ideals along exact sequences, the result follows.
Corollary 4.4. If any of the equivalent statements in Theorem 4.3 holds, then
where BF ε ac is the image of BF ε under the projection Sel ε,rel (K, T) → Sel ε,rel (K, T ac ) and H ε ac is the image of H ε in Λ ac . Proof. Of course, this follows from descending part (2) of Theorem 4.3 from K ∞ to K ac ∞ . Let γ cyc ∈ Γ cyc be a topological generator, and let I cyc := (γ cyc − 1)Λ ⊂ Λ. As in [SU14, Prop. 3.9] (with the roles of the cyclotomic and anticyclotomic Z p -extensions reversed) we have
and by [Rub91, Lem. 6.2(ii)] it follows that
where D := Char Λac (X ε,str (K, A)[I cyc ]). On the other hand, set
Using the fact that I cyc is principal, an application of snake's lemma yields the exactness of
Arguing as in the proof of [AH06, Prop. 2.4.15] we see that the natural Λ ac -module map
is injective with cokernel having characteristic ideal D, and hence
Since H 1 (K, T) has trivial Λ-torsion, the leftmost term in (4.4) vanishes; on the other hand, the rightmost one is clearly torsion-free, and hence Z(K ∞ )[I cyc ] is torsion-free. Since [Rub91, Lem. 6.2(i)] and equality (4.5) imply that Z(K ∞ )[I cyc ] is also a torsion Λ ac -module (using the nonvanishing of the terms in that equality), we conclude that Z(K ∞ )[I cyc ] = {0}, and by [Rub91, Lem. 6.2(ii)] it follows that
Combined with (4.3), we thus arrive at
, using (4.5) and (4.6) for the last equality. This completes the proof.
4.3.
Rubin's height formula. We keep the notations introduced in §2.3, assume that the generalized Heegner hypothesiss (Heeg) in that section holds, and still denote by L
Let γ cyc ∈ Γ cyc be a topological generator, and using the identification 
In the following, let h ε 0 ∈ Λ ac and u 0 ∈ Λ ac [1/P ] to be the constant term in the expansion of the elements h ε and u in Theorem 4.1 as a power series in γ cyc − 1, so that H ε ac = (h ε 0 ) in the notations of Corollary 4.4. Also, we let L n = K ac n K cyc ∞ , and think of
Iw (K ∞ , T ) as a compatible system of classes BF ε cyc,n ∈ H 1 Iw (L n , T ). Lemma 4.5. For every n there is a unique element
Letting β ε n (1) be the image of
, and the map Col ε yields an identification Theorem 4.6. For every n there is a canonical (up to sign) p-adic height pairing
where ( , ) n is the Q p -linear extension of the local Tate pairing
Proof. Since by [Kim07, Prop. 4.11] the local conditions defining Sel ε,ε (K ac n , T ) at the primes v | p are their own orthogonal complement under the local Tate pairing, the construction of the cyclotomic p-adic height pairings , 
Heegner points
Let E/Q be an elliptic curve, let f = ∞ n=1 a n q n ∈ S 2 (Γ 0 (N )) be the associated newform, and assume that p > 3 is a prime of good supersingular reduction for E (so a p = 0). Let K/Q be an imaginary quadratic field in which p = pp splits. Throughout this section, we assume that the pair (f, K) satisfies the generalized Heegner hypothesis (Heeg) introduced in §2.3.
5.1.
The plus/minus Heegner classes. Let X N + ,N − be the Shimura curve (with the cusps added if N − = 1) over Q attached to a quaternion algebra B/Q of discriminant N − and an Eichler order R ⊂ O B of level N + . We embed X N + ,N − into its Jacobian J N + ,N − by choosing an auxiliary prime ℓ ∤ N p and defining
, where T ℓ is the usual Hecke correspondence on X N + ,N − , and [x] ∈ Div(X N + ,N − ) is the divisor class of x ∈ X N + ,N − .
Recall that we let K[m] denote the ring class field of K of conductor m.
Proposition 5.1. For every positive integer m prime to N , there are Heegner points
for all k 0.
injecting into M S /XM S , contradicting the injectivity of β. Hence N = {0} and M S is free over Λ ac .
Set ω ± n := ω ± n ((1 + Y ) p a − 1) to lighten the notation. A straightforward induction argument using (5.1) shows that ω ǫ n z n [S] = 0, where ε is the sign (−1) n (see [DI08, Lem. 4 .2]). By Lemma 5.2 Lemma 5.3, this implies that there is a unique class
Lemma 5.4. For each ε ∈ {±} the sequences {z n [S] ε } n≡ε (mod 2) are compatible under the natural projections
for some L p (f /K) ∈ Λ and U ∈ Λ × , and letting L p,ac (f /K) ∈ Λ ac be the image of L p (f /K) under the projection Λ → Λ ac , we see from Corollary 2.12 that
Note that for every ε ∈ {±} and v | p the classes z ε satisfy loc v (z ε ) ∈ H 1 ε (K, T ac ), and so we may consider the image of loc v (z ε ) under the signed logarithm map Log ε ac constructed in §3.3.
Theorem 5.6 (Explicit reciprocity law). For every ε ∈ {±}, we have the equality
In particular, the class loc p (z ε ) is non-torsion.
Proof. We give the proof for ε = +, the proof for the other sign being virtually the same. Let ψ be an anticyclotomic Hecke character of infinity type (1, −1) and conductor prime to p, and let
is the R 0 -linear isomorphism given by γ → ψ −1 (γ)γ for γ ∈ Γ ac . Let φ : Γ ac → µ p ∞ be a nontrivial finite order character, let n > 0 be the smallest positive integer such that φ factors through Γ ac /p n Γ ac (using additive notation), and assume that n is even. Following the calculations in [CH17, Thm. 4.8], we then find that
where we used the definition of P [p n ] + for the second equality. Combined with the interpolation properties of the map Log + (see Lemma 3.5), this shows that
Letting φ vary, equality (5.6) follows immediately from (5.7).
With the explicit reciprocity law (5.6) in hand, the nontrivality of loc p (z ± ) follows from the nonvanishing of L BDP p (f /K) in Theorem 2.7. Remark 5.7. That the classes z ± are non-torsion over Λ ac can also be deduced from the proof by Cornut-Vatsal of Mazur's conjecture on higher Heegner points (see [CV07, Thm. 1.5] and the discussion right after it). However, the local refinement provided by Theorem 5.6 will be a vital ingredient for our main results in this paper.
5.3. Anticyclotomic main conjectures. By (5.4) and (5.5), there is an element
of Theorem 2.7 may thus be formulated as follows:
Conjecture 5.8 (Iwasawa-Greenberg main conjecture). The module X rel,str (K, A ac ) is Λ actorsion, and
as ideals in Λ ac ⊗ Zp Q p .
As we show in Section 6.1, Conjecture 5.8 is intimatelly related to the analogue of PerrinRiou's Heegner point main conjecture [PR87a] formulated in the Introduction of this paper (see Conjecture 1.2). The following three lemmas will be used to relate the two, where we let ε ∈ {±} be a fixed sign.
Lemma 5.9. Assume that Sel ε,ε (K, T ac ) has Λ ac -rank 1. Then
and X ε,str (K, A ac ) is a torsion Λ ac -module.
Proof. Consider the exact sequence
Since z ε lands in Sel ε,ε (K, T ac ), by Theorem 5.6 the image of the map loc p is not Λ ac -torsion, and since H 1 ε (K p , T ac ) has Λ ac -rank 1, it follows that coker(loc p ) is Λ ac -torsion. On the other hand, by Proposition 5.15 below the assumption in the lemma implies that X ε,ε (K, A ac ) has Λ ac -rank 1, and so from (5.10) we conclude that
by the action of complex conjugation, we deduce from (5.11) and Lemma 3.8 that
we see that Sel ε,ε (K, T ac ) and Sel ε,rel (K, T ac ) have both Λ ac -rank 1, and since the quotient
is also Λ ac -torsion-free, equality (5.9) follows. Lemma 5.10. Assume that Sel ε,ε (K, T ac ) has Λ ac -rank 1. Then for any height one prime P of Λ ac we have
where
is the natural restriction map. Proof. Consider the tautological exact sequence
By Theorem 5.6, the image of z ε ∈ Sel ε,ε (K, T ac ) under the map loc p is not Λ ac -torsion. Since Sel ε,ε (K, T ac ) has Λ ac -rank 1 by assumption, this shows that Sel str,ε (K, T ac ) is Λ ac -torsion, and since H 1 (K, T ac ) is Λ ac -torsion-free (see e.g. [How04b, Lem. 2.2.9]), it follows that (5.13) Sel str,ε (K, T ac ) = {0}.
From (5.12) we thus deduce the exact sequence
and since by the explicit reciprocity law of Theorem 5.6 the map Log ε ac induces a Λ ac -module isomorphism
, the result follows.
Lemma 5.11. Assume that Sel ε,ε (K, T ac ) has Λ ac rank 1. Then the module X rel,str (K, A ac ) is Λ ac -torsion, and for any height one prime P of Λ ac we have length P (X rel,str (K, A ac )) = length P (X ε,ε (K, A ac ) tors ) + 2 length P (coker(loc p )),
is the natural restriction map. Proof. Global duality yields the exact sequence
As shown in the proof of Lemma 5.10, the first term in the sequence is Λ ac -torsion; since by Proposition 5.15 below the assumption implies that X ε,ε (K, A ac ) has Λ ac -rank 1, this shows that the same is true for X rel,ε (K, A ac ), and by Lemma 3.8 it follows that X str,ε (K, A ac ) is Λ ac -torsion. Thus taking Λ ac -torsion in (5.14) and using Lemma 3.8 again, it follows that
for any height one prime P of Λ ac . Another application of global duality yields the exact sequence
where loc
is the natural restriction map. By Lemma 5.9, this is the same as the map loc p in the statement, and hence coker(loc rel p ) = coker(loc p ) is Λ ac -torsion. Since X ε,str (K, A ac ) is Λ ac -torsion by Lemma 5.9, we conclude from (5.16) that X rel,str (K, A ac ) is Λ ac -torsion. Combining (5.16) and (5.15), we thus have length P (X rel,str (K, A ac )) = length P (X ε,str (K, A ac )) + length P (coker(loc p )) = length P (X ε,ε (K, A ac ) tors ) + 2 length P (coker(loc p )) for any height one prime P of Λ ac , as was to be shown.
5.4. Kolyvagin system argument. The purpose of this section is to prove the following result, establishing under mild assumptions one of the divisibility predicted by Conjecture 1.2.
Theorem 5.12. Assume that Gal(Q/K) → Aut Zp (T ) is surjective, and that E[p] is ramified at every prime ℓ | N − . Let ε ∈ {±}. Then X ε,ε (K, A ac ) and Sel ε,ε (K, T ac ) both have Λ ac -rank 1, and we have the divisibility
For the proof of Theorem 5.12, we will adapt to our supersingular setting the Kolyvagin system techniques developed by Howard [How04b] in the ordinary case. More precisely, we will use the classes P [S] ε introduced in (5.3) to build a certain Kolyvagin system for T ac ; the nontriviality of this system will follow from the nontriviality of z ε established in Theorem 5.6, and Theorem 5.12 will then follow from a suitable adaptation of Howard's arguments.
As in [How04b, §1.1], by a Selmer structure on T ac we mean a choice of a local condition
(Here Σ is any finite set of places of K containing those above p, those above ∞, and those where V ramifies.) We define the Selmer structure F ± on T ac to be the unramified local condition at the places in Σ not dividing p, and the plus/minus local condition H 1 ± (K v , T ac ) at the primes v above p.
For the statement of the next result, we refer the reader to [How04b, §1.2] for the definition of the module of Kolyvagin systems KS(T ac , F, L) attached to a Selmer structure F on T ac and a certain set L of primes inert in K.
Theorem 5.13. For each ε ∈ {±} there exists a Kolyvagin system κ ε ∈ KS(T ac , F ε , L) with κ ε 1 = z ε . Proof. Let L 0 be the set of rational primes ℓ not dividing pN and inert in K. For each ℓ ∈ L 0 , let λ be the prime of K above ℓ, and denote by I ℓ the smallest ideal of Λ ac containing ℓ + 1 for which the Frobenius element Fr λ ∈ G K λ acts trivially on T ac /I ℓ T ac . Let L = L(T ac ) ⊆ L 0 consist of the primes ℓ ∈ L 0 with I ℓ ⊆ pZ p , and let N be the set of square-free products S of primes in L, with the convention that 1 ∈ N . For each S ∈ N , define I S = ℓ|S I ℓ .
Applied to the Heegner classes z[S] ε defined in (5.3), the derivative construction in [How04b,
indexed by the products S ∈ N , with κ ε 1 = z[1] ε = z ε . The verification that these classes form a Kolyvagin system for the Selmer structure F ε on T ac follows from the same argument as in [How04b, Lem. 2.3.4] (as extended in [How04c, Prol. 3.4 .1] to cover the primes v | N − ), the only difference being at the primes v | p, where we are led to show that the localization of κ ε S at v is contained in H 1
But this follows from the same argument as in the proof of Lemma 5.3.
Let P be a height one prime of Λ ac , let S P denote the integral closure of Λ ac /P, and let ̟ P ∈ S P be a uniformizer. Define the Galois representations
and let T P,m and A P,m be their reduction modulo
and define
) under the local Tate pairing.
Lemma 5.14. For every height one prime P ⊆ Λ ac with P = pΛ ac , and for every place v of K, the natural maps
have finite kernel and cokernel of order bounded by a constant depending only on [S P : Λ ac /P].
Proof. Let m be any positive integer, and n ≫ 0 be such that we have the inclusion of ideals of Λ ac : 
Proof. Since the Selmer structure F ε introduced above is such that Indeed, for every height one prime P ⊆ Λ ac with P = pΛ ac , we have a map
, where F ε P is the Selmer structure on T P naturally induced from F ε . Letting κ ε (P) be the image of the Kolyvagin system κ ε of Theorem 5.13 under this map, it follows from Theorem 5.6 and Lemma 5.14 that κ ε 1 (P) generates and infinite S P -submodule of H 1 
and similarly for X p (K, A ac ).
Theorem 6.1. Let E/Q be an elliptic curve of conductor N with good supersingular reduction at p, and let K/Q be an imaginary quadratic field of discriminant prime to N . Assume that the triple (E, p, K) satisfy the following:
(1) For each ε ∈ {±} both X ε,ε (K, A ac ) and Sel ε,ε (K, T ac ) have Λ ac -rank 1, and
and
as ideals in Λ ac .
Proof. By Theorem 5.12 we know that Sel ε,ε (K, T ac ) has Λ ac -rank 1. By Proposition 5.15 the same is true for X ε,ε (K, A ac ), and by Lemma 5.11 the module X p (K, A ac ) is Λ ac -torsion. Let P be a height one prime of Λ ac . Then by the divisibility in Theorem 5.12 we have (6.1)
Combined with Lemma 5.11 and Lemma 5.10, respectively, this implies that
, and hence we have the divisibility
It remains to show the two divisibilities ⊆ in the theorem. Let I cyc := (γ cyc − 1) ⊂ Λ be the principal ideal generated by γ cyc − 1. Similarly as in [SU14, Prop. 3 .9], the natural restriction map
By (5.5), the two-variable divisibility in [Wan16, Thm. 6.13] thus yields the divisibility
by Theorem 2.8, the divisibility (6.4) holds already in Λ ac , and therefore equality holds in (6.2). This shows part (1) of Theorem 6.1, and part (2) follows from it by Lemma 5.10 and Lemma 5.11. Theorem 6.2. Let ε ∈ {±}. Under the hypotheses of Theorem 6.1, the following hold:
(1) X ε,str (K, A) is Λ-torsion, Sel ε,rel (K, T) has Λ-rank 1, and
as ideals in Λ.
Proof. Given the equalities in the anticyclotomic main conjecture established in Theorem 6.1, we shall first deduce part (2) of the theorem by an anticyclotomic analogue of the argument in [SU14, Thm. 3.30]. Let I cyc be the ideal of Λ generated by γ cyc − 1, let
Similarly as in the proof of Theorem 6.1, the divisibility in [Wan16, Thm. 6.13] yields the divisibility X ⊆ Y as ideals in Λ. On the other hand, in light of (6.3) and Corollary 2.12, Theorem 6.1 implies that X p (K, A) is Λ-torsion and that X = Y (mod I cyc ). The equality X = Y as ideals in Λ, i.e., the equality in part (2) of the theorem, thus follows from [SU14, Lem. 3.2]; by Theorem 4.3, the equality in part (1) also follows.
Corollary 6.3. Let ε ∈ {±}. Under the hypotheses of Theorem 6.1, X ε,ε (K, A) is Λ-torsion, and Char Λ (X ε,ε (K, A)) = (L ε,ε p (f /K)) as ideals in Λ.
Proof. In light of Theorem 4.3, the result of Theorem 6.2 implies that X ε,ε (K, A) is Λ-torsion, and we have the divisibility (6.5) Char Λ (X ε,ε (K, A)) ⊆ (L ε,ε p (f /K)) as ideals in Λ. We note that a priori this divisibility holds just in Λ[1/P ], but by the nonvanishing of the cyclotomic specialization of L ε,ε p (f /K) (which follows from the nonvanishing of the p-adic L-functions constructed by Kobayashi [Kob03] and the discussion in the paragraphs below), the divisibility holds as stated.
Similarly as in the proof of Theorem 6.2, we will deduce that equality holds in (6.5) by an appropriate application of [SU14, Lem. 3.2]. Set X := Char Λ (X ε,ε (K, A)), Y := (L ε,ε p (f /K)), and let I ac be the kernel of the canonical projection Λ ։ Λ cyc . Let L ± p (E/Q) and L ± p (E (K) /Q) be the p-adic L-functions constructed in [Kob03, §3] for the elliptic curve E and its quadratic twist E (K) , respectively, and set Theorem 6.4. Let the hypotheses be as in Theorem 6.1, and assume that Sel p ∞ (f /K) has Z p -corank 1. Then y K = 0 ∈ E(K) ⊗ Z Q. In particular, ord s=1 L(E/K, s) = 1.
Proof. Let γ ac ∈ Γ ac be a topological generator, and set I ac = (γ ac − 1) ⊆ Λ ac . We shall work with the sign ε = +1. By Kobayashi 6.3. Λ-adic Gross-Zagier formula. In this section we obtain an analogue of Howard's Λ-adic Gross-Zagier formula [How05] for supersingular primes. Recall the p-adic height pairings , cyc K ac n on the plus/minus Selmer groups Sel ε,ε (K ac n , T ) introduced in Theorem 4.6, and define the Λ ac -adic height pairing (6.7)
Recall that J = I/I 2 for I the augmentation ideal of Z p [[Γ cyc ]]. Upon choosing a topological generator γ cyc ∈ Γ cyc ≃ J the height pairing (6.7) may be seen as taking values in Λ ac ⊗ Zp Q p ; we thus define the cyclotomic Λ ac -adic cyclotomi regulator R ε cyc ⊆ Λ ac ⊗ Zp Q p to be the characteristic ideal of the cokernel of (γ cyc − 1) −1 • (6.7).
Theorem 6.5. Let ε ∈ {±}, and denote by X ε tors be the characteristic ideal of X ε,ε (K, A ac ) tors . Then R By Theorem 5.6, we see that η (and therefore η ι ) is nonzero, while the nonvanishing of h ε 0 follows from the construction (see Remark 4.2). On the other hand, from global Poitou-Tate duality we have the exact sequence (6.9)
Taking Λ ac -torsion in (6.9) and applying Lemma 3.8 we obtain the equality Note that the formula of Theorem 6.5 has the shape of a Λ ac -adic analogue of the Birch and Swinnerton-Dyer conjecture. Moreover, by the Heegner point main conjecture of Theorem 6.1, it is essentially equivalent to the following Λ ac -adic Gross-Zagier formula.
